Abstract. We shall develop a theory of multi-pointed non-commutative deformations of a simple collection in an abelian category, and construct relative exceptional objects and relative spherical objects in some cases. This is inspired by a work by Donovan and Wemyss.
introduction
We shall develop a theory of multi-pointed non-commutative deformations of a simple collection in an abelian category. A simple collection is a finite set of objects such that each object has no endomorphisms except dilations and there are no nonzero homomorphisms between objects. The commutative deformations of several objects are just the direct product of deformations of each objects, but there are interactions of objects in the case of non-commutative deformations. We shall prove that any iterated non-trivial extensions between the given objects yields a non-commutative deformation in the case of a simple collection, and we obtain a versal deformation in this way. As applications, we will construct relative exceptional objects and relative spherical objects in some special cases.
The deformation theory has non-commutative versions in two directions, non-commutative fibers and non-commutative base. We consider the latter case. The point is that there are more non-commutative deformations of commutative objects than the commutative deformations as proved in a paper by Donovan and Wemyss [5] . They discovered an interesting application of the theory of non-commutative deformations to the theory of three dimensional algebraic varieties. They provided a better understanding of the mysterious analytic neighborhood of a flopping curve on a threefold by investigating non-commutative deformations of the flopping curve. The invariants defined by them are found to be related to Gopakumar-Vafa invariants and Donaldson-Thomas invariants ( [18] ). This paper is motivated by their works. Moreover we consider systematically multi-pointed deformations, i.e., non-commutative deformations of several objects.
The theory of deformations over a non-commutative base is developed by Laudal [11] . The definition of non-commutative deformations is very similar to the commutative deformations, but only the parameter algebra is not necessarily commutative. A non-commutative Artin semi-local algebra with nilpotent Jacobson radical is not necessarily a direct product of Artin local algebras. By this reason, we need to consider several maximal ideals simultaneously.
The extensions of a deformation and the obstruction theory is similarly described by cohomology groups as in [15] , and there exists a versal family of non-commutative deformations under some mild conditions. But there are much more non-commutative deformations than the commutative ones. For example, unobstructed deformations in the commutative case can be obstructed in the non-commutative sense.
Let k be a field, A a k-linear abelian category, r a positive integer, and F i (1 ≤ i ≤ r) objects in A. The set {F i } is said to be a simple collection if dim Hom(F i , F j ) = δ ij . We define non-commutative deformations of the collection {F i } as iterated non-trivial mutual extensions of the F i . We shall prove that the non-commutative deformations behave very nicely under the condition of simplicity.
In §2, we define a multi-pointed non-commutative deformation of a collection of objects. In §3, we treat non-commutative deformations of objects as their iterated extensions. First theorem states that, for any two sequences of iterated non-trivial extensions of a simple collection, there exists a third sequence of iterated non-trivial extensions which dominates others (Theorem 3.3). In particular, if the extensions terminate, then there exists a unique versal deformation.
In the second theorem in §4, we prove the converse statement that arbitrary sequence of iterated non-trivial extensions of a simple collection can be regarded as a non-commutative deformation. The point is that the base ring of the deformation is recovered as the ring of endomorphisms. For this purpose, we consider a tower of universal extensions of a simple collection, and we prove the flatness of the extension over the ring of endomorphisms. In this way we construct a versal multi-pointed non-commutative deformation (Theorem 4.8).
As applications we construct relative multi-pointed exceptional objects and relative multi-pointed spherical objects in some special cases in §5 and §6. A relative multi-pointed exceptional object yields a semi-orthogonal decomposition of a triangulated category, and a relative multi-pointed spherical object yields a twist functor. In the case of a local Calabi-Yau threefold, we shall prove that a versal non-commutative deformation of a simple collection becomes a relative spherical object if the deformations stop after a finite number of steps.
We shall use the abbreviation "NC" for non-commutative, or more precisely, not necessarily commutative in the rest of the paper.
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definition of r-pointed NC deformations
We give a definition of multi-pointed NC deformations. It is modified from [11] in order to adapt to our situation of deformations of sheaves. It seems that our treatment is also different from [6] , because our definition works well only in the case of simple collections. See also [3] .
We would like to consider infinitesimal deformations of r coherent sheaves on a variety at the same time for a positive integer r. If we consider only commutative deformations of these sheaves, then they deform independently. But NC deformations reflect interactions among the sheaves.
First we define the category of base rings for deformations according to [11] :
Definition 2.1. Let k be a base field, let r be a positive integer, and let k r be the direct product ring. An r-pointed k-algebra R is an associative ring endowed with k-algebra homomorphisms k r → R → k r whose composition is the identity homomorphism.
Let e i be the idempotents of R corresponding to the vectors (0, . . . , 0, 1, 0, . . . , 0) ∈ k r for 1 ≤ i ≤ r, where 1 is at the i-th place. We have r i=1 e i = 1, e i e i = e i and e i e j = 0 for i = j. Let R ij = e i Re j ⊂ R. Then R = r i,j=1 R ij , and R can be considered as a matrix algebra (R ij ) such that the R ij are k-vector spaces and the multiplication in R is given by
Let M i be the kernels of the surjective algebra homomorphisms R → k r → k for 1 ≤ i ≤ r, where the second homomorphisms are i-th projections. These are maximal ideals and the R/M i are simple two-sided R-modules. Let M = M i . We have M = Ker(R → k r ) and R/M = R/M i as R-modules.
Definition 2.2. We define (Art r ) to be the category of r-pointed k-algebras R such that dim k R < ∞ and M is nilpotent.
The second condition is independent. For example, let R = k ⊕ k be a commutative k-algebra with r = 1 and M = 0 ⊕ k. Then M is not nilpotent.
If R ∈ (Art r ), then any simple right R-module is isomorphic to some R/M i . Indeed, let N = R/I be a simple module for a right ideal I. Since M is nilpotent, there is an integer i such that M i ⊂ I but M i+1 ⊂ I. Then there is an elementt n ∈ N such that nM = 0 in N . Then Ann(n)/M is a right ideal of R/M ∼ = k r , that is one of the M i /M . Definition 2.3. Let A be a k-linear abelian category. An object F of A has a left R-module structure if there is a k-linear map R → End(F ). For a right R-module N with presentation
F is said to be flat if the exactness of a sequence 0 → N 1 → N 2 → N 3 → 0 of right R-modules implies the exactness of a sequence 0
A set of objects {F i } r i=1 in A is said to be a collection in this paper. Let F = F i . An r-pointed NC deformation of the collection {F i } over R ∈ (Art r ) is a pair (F R , φ) consisting of an object F R of A which has a flat left R-module structure and an isomorphism
The r-pointed NC deformation functor Def {F i } : (Art r ) → (Set) of {F i } is defined to be a covariant functor which sends R to the set of isomorphism classes of r-pointed NC deformations of {F i } over R. If R → R ′ is a k-algebra homomorphism, then deformations F R over R are mapped to deformations R ′ ⊗ R F R over R ′ .
For example, we can take A = (coh(X)), the category of coherent sheaves on an algebraic variety X defined over k.
We give a definition of a versal deformation:
) is called a versal deformation if the following conditions are satisfied:
(1) For any r-pointed deformation (F R ′ , φ ′ ) of {F i } over a ring R ′ ∈ (Art r ), there exist a positive integer n and a ring homomorphism g :
There exists a positive integer n such that the natural homomorphisms
are bijective for all n ′ ≥ n, and the induced homomorphism dg :
We have uniqueness of a versal deformation:
be the inverse limits. Then there is
Proof. By the versality, we have ring homomorphisms f :R 1 →R 2 and g :R 2 →R 1 which induces isomorphisms lim
1 . It is enough to prove that g • f and f • g are bijective. We know that g • f induces the identity on MR
. Therefore it follows that it induces surjections on M m
. Therefore they are also injective. Hence g • f is bijective. f • g is bijective similarly. Remark 2.6. (1) There is a hullR for the functor Def {F i } under suitable conditions ( [11] ). If r = 1, then the maximal commutative quotient (R) ab coincides with the hull of the usual commutative deformation functor.R is determined by Ext 1 (F, F ) and the Massey products (Ext 12] ). We shall not use these facts. (2) NC deformations exist only over local base by definition. But Kapranov and Toda constructed globalization of NC deformations in the commutative direction ( [19] ).
iterated non-trivial r-pointed extensions
We shall define the notion of a simple collection and consider its iterated non-trivial multi-pointed extensions. A simple collection behaves well under iterated multi-pointed extensions.
Definition 3.1. Let A be a k-linear abelian category, and let r be a positive integer. A collection
If A is a category of coherent sheaves on a variety, then a member of a simple collection is usually called a simple sheaf. This is the origin of the term "simple". But we note that a simple sheaf is not necessary a simple object in the abelian category of sheaves.
We consider iterated non-trivial r-pointed extensions of a simple collection {F i } r i=1 .
Definition 3.2.
A sequence of iterated non-trivial r-pointed extensions of the simple col-
is a sequence of objects {G n } 0≤n≤N for a positive integer N with decom-
is an extension corresponding to a non-zero element of Ext 1 (G n i , F j ), and
We prove that any two iterated non-trivial r-pointed extensions are dominated by a third: Theorem 3.3. Let {F i } be a simple collection, and let G be an object. Let 0 → F i j → G j → G → 0 for j = 0, 1 be two non-trivial extensions which are not isomorphic. Then there exists a common object H with non-trivial extensions 0
Proof. Let ξ j ∈ Ext 1 (G, F i j ) be non-zero elements corresponding to the given extensions. We consider exact sequences
be the images of ξ j by the second homomorphism. We claim that ξ ′ j = 0. Indeed if i 0 = i 1 , then the first term vanishes, hence ξ ′ j = 0. If i 0 = i 1 , then the image of the first homomorphism is generated by ξ 1−j , hence the image of ξ j by the second homomorphism is non-zero because the two extensions are not isomorphic.
We have a commutative diagram 0 0
where the two horizontal short exact sequences correspond to ξ ′ 0 and ξ 0 . They are commutative by the construction of ξ ′ 0 . By 9-lemma, we obtain the two vertical short exact sequences, which correspond to ξ ′ 1 and ξ 1 . Therefore we have constructed a common nontrivial extension H.
H can be directly constructed as the kernel of the morphism p 0 − p 1 :
The maximal iterated non-trivial r-pointed extension is unique if it exists: Proof. Let N ′ ≤ min{M, N } be the maximum number such that the sequences {G m } 0≤m≤N ′ and {H n } 0≤n≤N ′ are isomorphic as iterated non-trivial r-pointed extensions. We shall prove that there exists another sequence {(G ′ ) m } 0≤m≤M such that (G ′ ) M ∼ = G M and N ′′ > N ′ for the maximum number N ′′ where the sequences {(G ′ ) m } 0≤m≤N ′′ and {H n } 0≤n≤N ′′ are isomorphic. Then we obtain our assertion by the induction.
We shall obtain the new sequence {(G ′ ) m } 0≤m≤M by replacing the extensions inductively. Namely, let L 1 be a common extension of
and L 1 , respectively, and leave other G m 's unchanged. Otherwise we take a common extension L 3 of G N ′ +3 and L 2 over G N ′ +2 . Since Ext 1 (G M , F i ) = 0 for all i, this process stops after finitely many repetition, hence our result.
Remark 3.5. (1) The above theorem is the reason why our theory works well only for simple collections.
(2) The sheaf G M in the above corollary will be proved to be a versal r-pointed NC deformation of the simple collection {F i } in the case where the base ring is finite dimensional in Theorem 4.8. The base ring of the deformation will be constructed in the next section. The general case where the sequence of iterated non-trivial r-pointed extensions may not terminate will also be treated there.
We shall need the following in the next section:
We proceed by induction on n. If n = 0, then the assertion is true by the assumption of the simplicity. Suppose that we have an exact sequence
Then we have a long exact sequence
then the third term vanishes, hence the first arrow is bijective. If k = j, then the last arrow is injective because the extension is non-trivial. Therefore the first arrow is bijective again. Hence we conclude the proof.
iterated universal r-pointed extensions
We shall construct a sequence of universal r-pointed extensions of a simple collection {F i } under the assumption that dim Ext 1 (F, F ) < ∞, and prove the existence of a versal r-pointed NC deformation.
F i be the sum of the collection, and set F = F (0) and
given by
for each i, which is also obtained by a sequence of iterated non-trivial r-pointed extensions of the collection {F i }.
in the derived category D(A) of the abelian category A yields the extension as stated in the proposition. We shall prove that this extension is obtained as an output of a sequence of iterated non-trivial r-pointed extensions of the collection {F i }. We note that we have dim Ext
i . We take a basis {v j,1 , . . . , v j,M j } of Ext 1 (G, F j ) for each j, and let
yield a commutative diagram of extensions
We shall prove that these extensions are non-trivial. Since Hom(
where the last vertical arrow has a non-trivial kernel generated by the image of v j,m . Therefore the extensions above are non-trivial. A referee pointed out that the above universal extension can be expressed as
Let End G (F (n) ) be the ring of endomorphisms of the object F (n) which preserve the filtration {G p }.
Lemma 4.3. The natural ring homomorphism End
Proof. Since we only consider endomorphisms preserving the filtration, there is certainly a natural ring homomorphism. For any element f ∈ End G (F (n) ), we have a commutative diagram in the derived category D(A):
We obtain a lifting of f to End G (F n+1 ) by the axiom of a triangulated category.
By Lemma 3.6, we have the following
Proof. We have dim End G (F (0) ) = r. We have the following exact sequence
The dimension of the first term is equal to j dim Ext 1 (F (m) , F j ) = r m+1 . Therefore we conclude the proof.
Proof. By Lemma 3.6, we have dim Hom(F (n) , F i ) = 1 for all i. Since the total number of the F i 's in the extension process yielding F (n) is equal to n m=0 r m , we deduce our inequality by exact sequences.
Corollary 4.6. The natural inclusion End
where the last arrow is the projection to the i-th factor.
Proof. There is a ring homomorphism
⊂ F (n) to the i-th factor. This gives the k ralgebra structure of R (n) . We know already that dim R (n) < ∞.
We shall prove that M (n) is nilpotent by induction on n. M (0) = 0. We assume that (M (n) ) m = 0 for some m > 0, and consider M (n+1) . By the assumption, (
The first homomorphism is bijective by Lemma 3.6, hence the second homomorphism is zero. It follows that (
for 0 ≤ k < n by (4.1), where the last arrow is surjective by Lemma 4.3 and Corollary 4.6. We prove that
, F (n) ) = 0 by the descending induction on k. If k = n, then this is obvious. By taking the tensor product ⊗ R (n) F (n) with the above exact sequence, we obtain the universal extension exact sequence
Therefore, if our assertion is true for k + 1 for some 0 ≤ k < n, then it is also true for k.
If we set k = 0, then we obtain
and Tor
i , and any right R (n) -module of finite type is an iterated extension of simple modules. Therefore F (n) is flat over R (n) .
(2) Let F R be an arbitrary r-pointed NC deformation of F over (R, M ). Since M/M 2 is a direct sum of a simple module R/M i ∼ = k, there exists a decreasing sequence of two sided ideals {I m } of R such that I 0 = M , I n = 0 and I m /I m+1 ∼ = k for all m. We shall inductively construct k-algebra homomorphisms f m : R (am) → R/I m for some non-decreasing sequence of integers a m such that we have isomorphisms
Assume that f m is already constructed, and let us extend it to f m+1 . We consider an extension of algebras 0 → I m /I m+1 → R/I m+1 → R/I m → 0 and the corresponding extension of objects
There are two cases. If the extension is trivial as
There is a homomorphism g : R (am) → R ′ given by the identity and the projection such that we have
If the extension is non-trivial, then there is a non-zero elemet ξ ∈ Ext 1 (F (am) , F i ) corresponding to G. There is a homomorphism g :
In either case, if we set f m+1 = p • g, then we have
This is what to be proved. For all i, we have induced extensions
is universal, there are uniquely determined homomorphisms Ext 1 (F, F i ) * → M/M M i over k such that their sum induces the first extensions from the second. Since R (1) /M (1) ∼ = R/M ∼ = k r are generated by dilations, the sum of the homomorphisms are uniquely extended to a k-algebra homomorphism R (1) → R as required.
Lemma 4.9. Let F Rt be r-pointed NC deformations of a collection {F i } over R t ∈ (Art r ) for t = 0, 1, 2. Assume that there are ring homomorphisms f t :
Proof. We prove that F R 3 is flat as a left R 3 -module. Let M t,i be the i-th maximal twosided ideals of R t , i.e.,
We shall prove that Tor
By using the induction on the length of Ker(f 1 ), it is sufficient to treat the case where there is an exact sequence
By the flatness of the F Rt over R t for t = 0, 1, 2, we have exact sequences
We consider the following commutative diagram
where the first and second columns and the second and third rows are exact. Then the arrow α is surjective. Since F j is simple, it is also injective. Then β is injective. It follows that γ is also injective. Therefore F R 3 is flat.
Remark 4.10. (1) The above argument gives an explicit construction of the pro-representable hull, i.e., the versal r-pointed NC deformations, for a simple collection in a k-linear abelian category A as the inverse limit of the F (n) . (2) The presentation of the pro-representable hull by Massey products corresponds to the following exact sequences
where we obtain inductively injective homomorphisms Ext
The above defined versal family is not universal due to the non-commutativity of the deformation rings. The deformation functor is pro-representable if the following condition is satisfied: for any surjective ring homomorphism R → R ′ , the natural homomorphism
follows that Aut R (F R ) coincides with the group of units of the center Z(R) of R. Since Z(R) → Z(R ′ ) is not necessarily surjective, there is no universal NC deformation of a simple collection in general.
Indeed, two different homomorphisms to the versal algebra may give rise to isomorphic deformations. Let F R be an r-pointed NC deformation of F over (R, M ). Assume that there is a socle I of R; I is a two sided ideal such that I ∼ = R/M i for some i. LetR = R/I. Let f : R (n) → R be the homomorphism obtained in the above theorem, and letf : R (n) →R be its restriction. Assume that there is an invertible element α ∈ R which is not in the center of R such that its imageᾱ ∈R is in the center. Then f ′ = αf α −1 : R (n) → R is different from f , inducesf , and induces F R as shown in the following commutative
where α induces a k-isomorphism of F R which does not commute with the action of R.
We give some criteria for the versality: An arbitrary r-pointed NC deformation of F over R ∈ (Art r ) is an example of G in (2).
r-pointed relative exceptional objects
Exceptional collections yield important examples of semi-orthogonal decompositions. We extend the definition of an exceptional object to a relative version, and prove that it also yields a semi-orthogonal decomposition.
We note that, if F R is an r-pointed NC deformation of some collection over R, then Hom(F R , a) has a right R-module structure for any a ∈ A.
We consider its derived version. Let X be an algebraic variety. For a ∈ D b (coh(X)), we take a quasi-isomorphism a → I to a injective complex, and we define RHom(F R , a) = Hom(F R , I). Then RHom(F R , a) has a natural right R-complex structure. This complex is well defined in D b (R o ), where R o is the opposite ring of R, because, if a → I ′ is another quasi-isomorphism to a K-injective complex, then there is a quasi-isomorphism Hom(F R , I) → Hom(F R , I ′ ) which is uniquely determined up to homotopy.
be a simple collection in the category of coherent sheaves (coh(X)) on an algebraic variety X, and let F R = i F R,i be an r-pointed NC deformation over R ∈ (Art r ). Assume that X is quasi-projective and F R is a perfect complex whose support is projective.
The pair (F R , F ) for F = i F i is said to be an r-pointed relative exceptional object if RHom(F R , F ) ∼ = R/M as right R-modules, i.e., dim Hom(F R , F i ) = 1 for all i and Ext p (F R , F ) = 0 for all p > 0.
We note that Hom(F R,i , F R,j ) may not vanish even though Hom(F i , F j ) = 0 for i = j. We consider only those relative exceptional objects which are versal NC deformations in this paper, but we may consider such objects in other situations. 
Proof. First we define the derived dual F * R of F R in the following. By this step, we will be able to define a functor for the semi-orthogonal decomposition by the cone construction. F * R will be the derived dual in D b (coh(X)) equipped with a uniquely determined right R-module structure.
Since F R is an R ⊗ k O X -module which is a perfect complex as an O X -module, there is an exact sequence of left
such that P i for 0 ≤ i < m are locally free as R ⊗ k O X -modules and P m is locally free as an O X -module. Then we define
We prove that F * R is well defined as an object in D b (O X ) with a right R-module structure. Let P ′
• be another resolution of F R of length m ′ as above. Then by using the lemma below, we construct a third resolution P ′′
• of F R of length m ′′ ≥ m, m ′ which makes the following diagram commutative:
where we set P i = 0 for i > m and P ′ i = 0 for i > m ′ . Moreover if there are two vertical morphisms between the same complexes which make the diagram commutative, then there exists a chain homopoty between these morphisms due to the same lemma. Thus there are uniquely determined morphisms
which are compatible with their right R-module structures. These morphisms are in fact isomorphisms in D b (O X ) as is well-known.
We
The derived tensor product is taken in D b (coh(X × X)) and not as R-modules. Here we note
Since the P i are locally free, we have
Thus we have distinguished triangles
for all a ∈ D b (coh(X)). We note that the derived tensor product is taken over the structure sheaves but we take usual tensor product over R. This is justified because F R is flat over R.
Since Hom(F R , F R ) ∼ = R, we obtain RHom(F R , G(a)) = 0 by taking RHom(F R , •) of the above triangle. Since Hom(F R , F R [p]) = 0 for all p = 0, we obtain a semi-orthogonal decomposition
with an equivalence
by the tilting theory (cf. [20] Lemma 3.3), where the equivalence Φ :
is given by Φ(a) = RHom(F R , a), and its quasi-inverse Ψ : 
We consider some examples which yield relative exceptional objects.
Example 5.4. Let X be a singular quadric surface in P 3 defined by an equation x 1 x 2 +x 2 3 = 0.
Let P = [1 : 0 : 0 : 0] ∈ X be the vertex. Then we have a projection p : X \ {P } → P 1 . We denote by O X (a) the reflexive hull of the invertible sheaf p * O P 1 (a) for any integer a. O X (2) is an invertible sheaf coming from a hyperplane section in P 3 , and we have O X (K X ) ∼ = O X (−4). By the vanishing theorem ( 
is generated by global sections {1, x 3 /x 1 }. It is induced from the following exact sequence on P 1
We note that G is a locally free sheaf, hence the extension is non-trivial. Moreover there is no more local extension of G by F . Thus the dimension of the local extension at P is dim H 0 (X, Ext 1 (F, F )) = 1.
We shall prove that there is no more non-trivial extension, G is a versal 1-pointed NC deformation of F , and that G is a relative exceptional object. Since G is locally free, it is sufficient to prove that H p (X, Hom(G, F )) = 0 for p > 0. We have an exact sequence
where we have Hom(F,
The base ring of the deformation G is R = k[t]/(t 2 ), and G is a relative exceptional object over R. D b (coh(X)) is generated by O X (a) for −3 ≤ a ≤ 0 ([8] §5). But we have an exact sequence 0 → O X (−3) → O X (−2) 2 → O X (−1) → 0. Hence it is generated by O X (a) for −2 ≤ a ≤ 0. Therefore we have a full collection of relative exceptional objects (O X (−2), G, O X ), and an equivalence
This is a special case of [10] . But the expressions of the rings seem different, because such expressions are not unique. The algebra given in loc. cit. seems to be Morita equivalent to k[t]/(t 2 ).
Example 5.5. Let X be a singular quadric hypersurface in P 4 defined by an equation
It is a cone over P 1 × P 1 . Let P = [1 : 0 : 0 : 0 : 0] ∈ X be a vertex, and p : X \ {P } → P 1 × P 1 a projection. We denote by O X (a, b) the reflexive hull of an invertible sheaf p * O P 1 ×P 1 (a, b) for any a, b. O X (1, 1) is an invertible sheaf coming from a hyperplane section in P 4 , and we have O X (K X ) ∼ = O X (−3, −3). By the vanishing theorem, we have (1, 0) for D = {x 1 = x 3 = 0} is generated by global sections {1, x 4 /x 1 }. It is induced from the following exact sequence on
We note that G 1 is a locally free sheaf, hence the extension is non-trivial. In a similar way, we construct an extension 0 → F 1 → G 2 → F 2 → 0 with G 2 locally free.
We shall prove that H p (X, Hom(G i , F j )) = 0 for p > 0 and for all i, j. We may assume that i = 1. We have an exact sequence
On the other hand, the natural homomorphism −1) is also surjective, and we have an exact sequence
G 1 ⊕ G 2 is a 2-pointed relative exceptional object over R. We note that G 1 and G 2 are exceptional objects, but they do not form an exceptional collection, though there is a semi-orthogonal decomposition with their right orthogonal complement. Let f ′ : Y ′ → X be the blowing up at the vertex, and E the exceptional divisor. Then there is a P 1 -bundle structure p ′ :
by [14] . Therefore D b (coh(Y )) and D b (coh(X)) are also generated by the O Y (a, b) and the O X (a, b) for such (a, b)'s, respectively.
We have exact sequences
Therefore we have a full collection of relative exceptional objects
, and an equivalence
This is a special case of [10] . But the expressions of the rings seem different, because such expressions are not unique. The algebra given in loc. cit. seems to be Morita equivalent to R.
Example 5.6. Let X = P(1, 1, d) be the cone over a rational normal curve of degree d.
We have reflexive sheaves of rank one O X (a) for integers a, and
We consider NC deformations of a sheaf F = O X (−1).
This is induced from the following exact sequence on P 1
Let Z ∈ |O X (d)| be the smooth curve at infinity. Then we have an exact sequence
. Let G be the kernel. Then G is a locally free sheaf of rank d on X. Thus we have the
0 where the first horizontal sequence is exact because all other sequences are exact. Thus G is an NC deformation of
Hence H p (X, Hom(G, F )) = 0 for p > 0 as in the above example. Therefore G is a versal NC deformation of F = O X (−1), and G is a relative exceptional object over R.
By the vanishing theorem, we have H p (X, O X (a)) = 0 for p > 0 and a 
Example 5.7. Let X = P(1, 2, 3) be a weighted projective surface. X has two singular points P and Q which are Du Val singularities of types A 1 and A 2 , respectively. We have
, hence H 0 (X, O X (−i)) = 0 for 0 < i, and H p (X, O X (−i)) = 0 for p > 0 and i < 6. We write
First we consider NC deformations of a reflexive sheaf of rank one F 1 = O X (−1). In this example, the non-commutative deformations of F 1 do not terminate after finite steps, though commutative deformations do.
Let us calculate local extensions of F 1 at the singular points. The singular point P is a quotient singularity of type 1 2 (1, 1). Then it is already known by the previous example that Ext 1 (F 1 , F 1 ) P ∼ = k, and the versal NC local deformation has the base ring k[s]/(s 2 ).
The singular point Q is a quotient singularity of type 1 3 (1, 2). Let a cyclic group Z/(3) act on k[x, y] with weights (1, 2), and let A ⊂ k[x, y] be the invariant subring. We may assume that the sheaf F 1 at Q is represented by the ideal (x) ∩ A = (x 3 , xy) in A, and F 2 at Q by (y) ∩ A = (xy, y 3 ) or (x 2 ) ∩ A = (x 3 , x 2 y 2 ). There are exact sequences
where in the first sequence, the map A → (x) ∩ A is given by 1 → xy, the map (x 2 ) ∩ A = (x 3 , x 2 y 2 ) → (x) ∩ A = (x 3 , xy) and the map (x) ∩ A → A are natural injections, and the map (x) ∩ A → (x 2 ) ∩ A is induced from 1 → −xy. In the second sequence, the map A 2 → (y) ∩ A is given by the generators (xy, y 3 ), and the map (x) ∩ A → A 2 is given in the following way: the map to the first entry of A is the composition of the isomorphism given by x → −y 2 and the natural injection (x) ∩ A ∼ = (y 2 ) ∩ A → A, while the second is the natural injection (x) ∩ A → A. We claim that the versal NC deformation of the ideal (x) ∩ A at Q has the base ring k[t]/(t 3 ). For this purpose, it is sufficient to prove that
we obtain an exact sequence
where the first arrow is given by 1 → (xy, x 2 y 2 ) and the second induced by 1 → −xy and a natural inclusion. Then the cockerel of the second arrow is generated by the image of xy, hence 1-dimensional.
We prove that a sequence of iterated non-trivial extensions F n 1 of F 1 never become locally free for any n by induction on n. If F n 1 is not locally free at P , then we take an extension 0 → F 1 → F n+1 1 → F n 1 → 0 which induces a non-trivial extension at P and a trivial extension at Q. Then F n+1 1 is not locally free at Q. The same argument works if we interchange P and Q. Therefore we proved our assertion.
Indeed we could prove that the versal NC deformation has a base ring k s, t /(s 2 , t 3 ), which is infinite dimensional, while its maximal abelian quotient k[s, t]/(s 2 , t 3 ) is finite dimensional.
Next we consider 1-pointed NC deformations of reflexive sheaves F 2 = O X (−2) and F 3 = O X (−3). Then the results are better, because F 2 (resp. F 3 ) is locally free at P (resp. Q). We claim the following:
) which is a locally free sheaf of rank 3 (reap. 2), and they are relative exceptional objects.
As for F 3 , we can prove that Ext p (G 3 , F 3 ) = 0 for p > 0 in the same way as in Example 5.4. We consider F 2 . Since H p (X, Hom(F 2 , F 2 )) = 0 for p > 0, we have Ext
Therefore we have a non-trivial extension 0 → F 2 → G ′ 2 → F 2 → 0. We consider an exact sequence
Since G ′ 2 is a non-trivial extension also locally at Q, the last arrow is non-zero. Let H be the kernel of the last arrow. Then we have H p (X, H) = 0 for p > 0, hence
In the same way, we obtain H p (X, Hom(G 2 , F 2 )) = 0 for p > 0. Since G 2 is locally free, this is the desired result.
We claim that the category D b (coh(X)) is generated by the reflexive sheaves O X (−m) for m = 0, 2, 3. It is already known that it is generated by the O X (−m) for 0 ≤ m ≤ 5 ([8] §5). We check that O X (−m) for m = 1, 4, 5 are generated by others.
Let In conclusion, we have a full collection of relative exceptional objects (G 3 , G 2 , O X ), and an equivalence
By a similar method, the author expects that the following can be proved. Let X = P(1, a, b) be a weighted projective plane for coprime positive integers a, b with a < b. We consider 1-pointed NC deformations of F a = O X (−a) and F b = O X (−b). We could prove that there exist versal deformations G a and G b of F a and F b , respectively, which are locally free and relative exceptional objects. Moreover there is a semi-orthogonal decomposition
r-pointed relative spherical objects on Calabi-Yau threefolds
We define relative spherical objects after [16] and [1] , and prove that a versal multipointed NC deformation of a simple collection on a Calabi-Yau 3-fold yields a relative spherical object if the deformations stops after finitely many non-trivial extensions and if one more condition holds.
Definition 6.1. Let X be a smooth projective variety of dimension n ≥ 2, let {F i } r i=1 be a simple collection in (coh(X)), and let F R = i F R,i be an r-pointed NC deformation of {F i } over R ∈ (Art r ). The pair (F R , F ) for F = r i=1 F i is said to be an r-pointed relative n-spherical object over R if the following conditions are satisfied:
(1) There exists a permutation σ of r elements such that
More generally, for a triangulated category with a Serre functor S, the second condition can be replaced by S(
The following lemma shows that the base ring R of an r-pointed relative n-spherical object is a NC Gorenstein artin algebra ( [2] ): Lemma 6.2. Let (F R , F ) be an r-pointed relative spherical object over R. Then R * = Hom k (R, k) is a free right R-module of rank 1.
Proof. Since dim Hom(F R , F i ) = dim Hom(F i , F R ) = 1 by the Serre duality, we can define s i ∈ R = Hom(F R , F R ) as a composition of non-zero homomorphisms F R → F i → F R up to a constant. Let φ ∈ R * be a homomorphism R → k such that φ(s i ) = 1 for all i.
We shall prove that φ generates R * as a right R-module. Let I = {s ∈ R | φs = 0} be the annihilator ideal of φ. If I = 0, then there is a socle; there exist i and 0 = s ∈ I such that M i s = 0 for the i-th maximal ideal M i of R. We know that such non-zero s ∈ R that M i s = 0 is unique up to a constant for a fixed i, because dim Hom(F i , F R ) = 1. It follows that s = cs i for 0 = c ∈ k. Then 0 = φs(1) = φ(cs i ) = c, a contradiction. Hence I = 0. Since dim k R < ∞, we conclude the proof.
The conclusion of the lemma is equivalent to saying that the socle of R is isomorphic to R/M i . We have the duality theorem: Corollary 6.3. Let M be a finitely generated right R-module. Then there is a natural isomorphism
Proof. We define a natural isomorphism
as follows. For a k-homomorphism f : M → k, we define a right R-homomorphism g : M → Hom k (R, k) by g(m, r) = f (mr). g is compatible with the right R-action: g(ms, r) = g(m, sr). For g : M → Hom k (R, k), we define f (m) = g(m, 1). They are inverses each other.
We simply write D(R) = D b (mod-R), D(X) = D b (coh(X)), etc. in the following. We consider the following diagram of "spaces"
[R]
where [R] is the imaginary "space" corresponding to the ring R and [R] = Spec(R) if R is commutative. We define an exact functor Φ :
We recall that the derived dual F * R is defined in the proof of Theorem 5.2. 
We define the twist functor T : D(X) → D(X) associated to Φ to be the functor corresponding to the Fourier-Mukai kernel cone(
, where ∆ ⊂ X × X is the diagonal. Then we have a distinguished triangle of functors
given by Φ(a) = a ⊗ R F R is a spherical functor. In particular, the twist functor T which induces the following distinguished triangles :
We note that, because F R is flat over R, the tensor product RHom(F R , a) ⊗ R F R is the same as the derived tensor product, and is bounded.
Proof. We have to check the following conditions ( [1] , [13] ):
• The cotwist functor C defined by a distinguished triangle
is an auto-equivalence of D b (mod-R).
, and C is an auto-equivalence.
We have
. Thus we confirmed the conditions.
be a simple collection of coherent sheaves on a smooth projective variety X of dimension 3 such that F ⊗ ω X ∼ = F for F = F i . Assume that the versal rpointed NC deformation F R is obtained by a finite sequence of iterated non-trivial r-pointed extensions. Assume moreover that Hom(F i , F R ) = 0 for all i. Then (F R , F ) is relatively 3-spherical over R.
We note that the last condition holds trivially if r = 1.
Proof. We have already Ext
1 (F R , F i ) = 0 for all i, because F R is versal. Then we have Ext 1 (F R , G) = 0 for any extension G of the F i . We have an exact sequence
Since the last term is dual to Ext 1 (F R , F R ) = 0, we conclude that Ext 2 (F R , F i ) = 0. Let m i be the number of appearances of F i in the iterated extension F R . Then
Since Hom(F i , F R ) = 0 for all i, it follows that dim Hom(F i , F R ) = 1 for all i. Therefore we have dim Ext 3 (F R , F i ) = 1 for all i, and we conclude the proof by the following lemma.
Lemma 6.7. Let F R be an r-pointed NC deformation of a simple collection {F i } over R ∈ (Art r ). Assume that dim Hom(F i , F R ) = 1 for all i. Then there exists a permutation σ of r elements such that Hom(F i , F R ) ∼ = R/M σ(i) as left R-modules for all i.
Proof. As left R-modules, we have Hom(F i , F R ) = R/M j for some j = j(i). Then we have dim Hom(F i , F R,k ) = δ jk . On the other hand, for each k, there is at least one i such that Hom(F i , F R,k ) = 0. Therefore we have a one to one correspondence.
We consider some examples.
Example 6.8. Let f : X → Y be a projective birational morphism from a smooth variety of dimension 3 to a normal variety over k = C. We assume that K X is relatively trivial and the exceptional locus of f is 1-dimensional. In this case, Y has only terminal Gorenstein singularities, and the irreducible components C i (i = 1, . . . , r) of the exceptional locus are smooth rational curves intersecting each other transversally, because R 1 f * O X = 0 by the vanishing theorem ( [7] ) applied to an invertible sheaf
is a simple collection. But there are many other simple collections on X. For example, for any disjoint subsets I j of the set of indexes {1, . . . , r}, if the D j = i∈I j C i are connected, then {O D j } is a simple collection. If l i is the length of C i , i.e., the length of the scheme theoretic fiber over a singular point of Y at the generic point of C i , then fixing an integer k i for each i such that 0 ≤ k i ≤ l i , we obtain a simple collection consisting of fat fibers {O k i C i }. It is interesting to know whether these collections satisfy conditions of the above theorem yielding spherical objects, and what are their relationships.
Example 6.9. Let Y be a hypersurface in k 4 defined by an equation xy − zw(z + w) = 0. It has an isolated singularity at the origin.
We define a resolution of singularities f : X → Y in the following way. X is constructed by gluing three affine spaces X = 3 i=1 U i . U 1 , U 2 and U 3 are isomorphic to A 3 with coordinates (x, z ′ , w), (x ′ , z, w ′ ) and (x ′′ , y, z), respectively, and f is given by
where we considered z ′ = z/x, x ′ = x/z, w ′ = w/x ′ = zw/x and x ′′ = x ′ /w = x/zw. f is the composition of a blowing up along the ideal (x, z) of a prime Weil divisor followed by another along (x ′ , w), the ideal corresponding to the strict transform of a prime divisor defined by (x, w).
The exceptional locus of f consists of two smooth rational curves C 1 ∪ C 2 which intersect transversally. C 1 is defined on U 1 by an ideal (x, w), and on U 2 by (z, w ′ ). C 2 is defined on U 2 by an ideal (x ′ , z), and on U 3 by (y, z).
} is a simple collection. We consider its NC deformations.
The conormal bundles N * C i /X of the C i for i = 1, 2 are calculated as follows. C 1 has coordinates z ′ on U 1 and x ′ on U 2 , and they are related by z ′ = (x ′ ) −1 . The generating sections of N * C 1 /X are transformed as x → x ′ z and w → x ′ w ′ . Therefore N *
C 2 has coordinates w ′ on U 2 and x ′′ on U 3 , and they are related by w ′ = (x ′′ ) −1 . The generating sections of N * C 2 /X are transformed as
The union Θ = C 1 ∪ C 2 is defined by ideals (x, w) on U 1 , (x ′ w ′ , z) on U 2 , and (y, z) on U 3 . We denote by O Θ (a, b) an invertible sheaf on Θ whose restrictions to the C i for i = 1, 2 have degrees a and b. Let G 1 ∼ = O Θ (−1, 0) and
We calculate the normal bundle N * Θ/X = I Θ /I 2 Θ of Θ. It is generated by linearly independent sections s j , t j on U j which are defined as follows: s 1 = x and t 1 = w + z ′ x on U 1 , s 2 = z and t 2 = z + x ′ w ′ on U 2 , and s 3 = z and t 3 = y on U 3 . We have s 1 = x ′ s 2 and t 1 = t 2 on U 1 ∩ U 2 , and s 2 = s 3 and t 2 = x ′′ t 3 on U 2 ∩ U 3 . Therefore we have
Let g : Θ → X be the embedding. Then we have
where the direct sum decomposition to cohomologies is a consequence of the fact that dim Θ = 1. Therefore we have
Hence we have non-trivial extensions
The extension F R,1 is induced from the surjection O Θ (−1, 1) → F 1 . Hence F R,1 is an invertible sheaf of degrees (−1, 0) on a subscheme Θ 1 of X defined by ideals (s 1 , xt 1 , wt 1 ) = (x, w 2 ) on U 1 , (s 2 , zt 2 , w ′ t 2 ) = (z, x ′ (w ′ ) 2 ) on U 2 , and (s 3 , t 3 ) = (z, y) on U 3 . Θ 1 is not reduced along C 1 , but is still locally complete intersection.
The extension F R,2 is induced from the surjection O Θ (1, −1) → F 2 . Hence F R,2 is an invertible sheaf of degrees (0, −1) on a subscheme Θ 2 of X defined by ideals (s 1 , t 1 ) = (x, w) on U 1 , (s 2 x ′ , s 2 z, t 2 ) = (x ′ z, z 2 , z + x ′ w ′ ) = (x ′ z, z + x ′ w ′ ) = (z + x ′ w ′ , (x ′ ) 2 w ′ ) on U 2 , and (s 3 y, s 3 z, t 3 ) = (z 2 , y) on U 3 . Θ 2 is not reduced along C 2 , but is still locally complete intersection.
We calculate the conormal bundles N * Θ i /X = I Θ i /I 2 Θ i of the fat curves Θ i for i = 1, 2.
N * Θ 1 /X is generated by linearly independent sections s ′ j , t ′ j on the U j which are defined as follows: s ′ 1 = x and t ′ 1 = w 2 + xz ′ w on U 1 , s ′ 2 = z and t ′ 2 = x ′ (w ′ ) 2 + zw ′ on U 2 , and s ′ 3 = z and t ′ 3 = y on U 3 . We have s ′ 1 = x ′ s ′ 2 and t ′ 1 = x ′ t ′ 2 on U 1 ∩ U 2 , and s ′ 2 = s ′ 3 and t ′ 2 = t ′ 3 on U 2 ∩ U 3 . Therefore we have N * Θ 1 /X ∼ = O Θ 1 (1, 0) ⊕ O Θ 1 (1, 0). N * Θ 2 /X is generated by linearly independent sections s ′′ j , t ′′ j on the U j which are defined as follows: s ′′ 1 = x and t ′′ 1 = w+xz ′ on U 1 , s ′′ 2 = x ′ z and t ′′ 2 = x ′ w ′ +z on U 2 , and s ′′ 3 = x ′′ yz−z 2 and t ′′ 3 = y on U 3 . We have s ′′ 1 = s ′′ 2 and t ′′ 1 = t ′′ 2 on U 1 ∩ U 2 , and s ′′ 2 = x ′′ s ′′ 3 and t ′′ 2 = x ′′ t ′′ The deformation algebra R has the following form k + kt 2 kt kt k + kt 2 mod t 3 .
F R is a relative 3-spherical object over R: Indeed we shall show that Ext 1 (G, F ) ∼ = 0 in the following. Then we have Ext 2 (G, F ) ∼ = k by the duality. Let i : E → X be the embedding. Then we have i * i * G ∼ = G ⊕ G(−E) [1] , where the direct sum decomposition to cohomologies is consequence of the fact that Ext 2 (G, G(−E)) ∼ = Hom(G(−E), G) * ∼ = 0 since −E is ample. Hence F ) ⊕ Hom E (G(−E), F ) ∼ = 0. Remark 6.11. The category D in the above example was already considered in [9] 4.3. The sheaf G there appeared in [17] 4.13. The construction of tilting generators in [21] can also be considered as a multi-pointed non-commutative deformation of a collection which is not simple. See also [20] .
We have a similar example in dimension 4, where we obtain again a relative 2-spherical object. A non-trivial permutation σ of the indexes appears in this example:
Example 6.12. Let Y ⊂ k 5 be a hypersurface defined by an equation x 1 x 2 + x 3 x 4 + x 3 5 = 0. The blowing up at the origin gives a resolution of singularities f : X → Y with an exceptional divisor E, which is a cone over P 1 ×P 1 that was considered in Example 5.5. We use the notation O E (a, b) defined there. We have K X = f * K Y + 2E, O E (E) = O E (−1, −1) and K E = O E (−3, −3).
Let e 1 = O E (−1, −1) and e 2 = O E (−2, −2). Then (e 2 , e 1 ) is an exceptional collection in D b (coh(X)). Let D be its left orthogonal complement, and let S be the Serre functor of D. Then [2] . Similarly we have S(F 2 ) ∼ = F 2 [2] .
We construct non-trivial self extensions G 1 and G 2 of F 1 and F 2 as in Example 5.5, respectively. Then G = G 1 ⊕ G 2 is a versal 2-pointed NC deformation of F = F 1 ⊕ F 2 over R = k kt kt k mod t 2 . By the vanishing theorem, we have H p (E, O E (a, b)) = 0 for p > 0 if a, b ≥ −2, and G is a relative 2-spherical object in D:
Indeed we shall show that Ext 1 (G j , F k ) ∼ = 0 for j, k = 1, 2 in the following. Then we have Ext 2 (G i , F 3−i ) ∼ = k by the duality. Let i : E → X be the embedding. Then we have i * i * G j ∼ = G j ⊕ G j (−E) [1] . Hence
